
1) Tractive : ×:(0,4)→ R12
✗let =knit, cost + rbgtomE)

a) ✗
'

G) = fast , -suit -1 ↳ee)
at t= ¥ , us (E) = 0
-SinEE) + ese (E) = 0 .

So ✗ is not regularat F- E. For anyotherteeth),
cost ≠

, so ✗ is regular everywhere else .
b) Direction of tangentline ñ given by expression for 4¥✗
'4) above .

%f=¥%=ˢaÉ
ex)

so equation oftangent line is :

yc+bgtan
≤

-sina.EE#X-suit

at y-axis, ✗=0 .

⇒ y-csst-tsgtan-yz-sin-f.IM#ct--csst
⇒ y=bgtan% .



So the point A= at = fine, ustelsgtant.to)
D= to, esgtomtz) .

So length of line segment

AB-i-AB-lsint-of-fsst-tsg-om-yz-bgttm-h.ie
sin4-css4T = I



2) Suppose ✗ is a cylindrical helix . WTS the = coast .
We here <In> = essay .

Then differentiating,we here
0 = <T

'

, u
> = <KN , u> .

K > 0
,

so <N
, u> = 0 , ie. U is perpendicular*N .

Then writing u in the basis {IN,B} , we here
u= Usdot + sin&oB .

↑
WLOG u is a unit vector

,
then B-component

of u is ÑI☐ = far
.

= suits .

Then differentiating this gives
(kissto -Tsing)N = 0 ⇒ Kush = Isn't☐

↑

usingsign canalso ⇒ 1¥ = tanto , a constantconvention use oppositeBK -IN . sign convention. = - tanto using other signconvention.Now suppose he isa constant . Then writing
¥= tanto for some do

.
Then defining u-usto-tsm.BR,

we can check

The> = < T, Usdot+ suitOB> = isso a constant.
and that u is constant.



3) Necessity : First suppose ✗ lies onasphere . Thenthere
is some r sit . 1×6112=p forall s . r '

'

Foltoujthe hit , we differentiate toG) Ii
D= £ KAJI = 2A ' . ✗ where

'

denotes differentiation
wits .

⇒ d.a = 0 . (ie. a.-1=0) .

Differentiating again, wehave
D= ✗

'
•✗
'
+ a

" .gl?j-BN , a:&
> =/

13N • a = - I ⇒ a.N =¥
.and again, uehae

0 = 3✗
"
•✗
'

+ ✗
"
• a

⑤mehere ✗
"
•✗
'
= 0 .

So methane

✗
"'
• ✗ = 0 .

✗
"
= 43N)

'

so we here CK3N-1BN ') • ✗= 0
Us'N +13ft-1+7B)) • ✗ = 0 Using sign convention B

'
: -IN .

⇒ B'N . ✗ +K2B - a = 0 .
And using ✗ •N=¥ v

⇒ -1¥ + 1st a.B--0 . ⇒ a.B=YÉÉ
Writing ✗ inthe Faeroe frame

a-KITT + t.MN +G. B)B
me here

pilfer ≥ t.NY-la.BY by Pythagorean Then .



So ✗ = IN -1,1¥,B. = -pN - p 'dB
and we here

F- 1%5+4%5 = + I HEY
=p

≥
+ (f)
'

it is a constant .

Sufficiency: Defining pls) = ✗+pN + p 'dB
alternatively pls) = x-pN -p'dB using thesign convention

B'=IN .

We'll show p is aconstant :

P
'
= a

'
+ p
'N +PN

'

+ (p't
'B + foil)B

'

= (pt + to:D ' /B
So need to show p7+ (p

'd)
'
=0 .

Since wehere P2-1GN = cont, differentiating,
wehere

◦= app
'

+ 24'd) lp :D
'

= 2¥ (pt + fit
'

) .

Since p
'

-1-0,7-+0 , we must conclude P7-1LP'd)
'
= 0 .

So p
'
= 0 ⇒ p is constant, say pls) ≤ A . Then

I✗G) - A12 =p
2
+ (p
'd)
2
= const Hence

, ✗ lies on asphere



4) Isin the lecture notes suppose
•
✗

✗(G)M6D, ✗(5) are collinear. Then %)

•
✗Lsd there are two foxed vectors V.neRt¥¥%¥s) suchthat < ✗Csi) -v.n> ⇒ for each Si .
⇐

• ✗↳3)
Regarding this as afuiohon fls) =L✗G) -V, n> ,

by MVT mehere thatthere are 2-1,2-2 suchthat
site,<525-22<53 with f-

'

(E) = f'(2-2)=0 .

Then applying MUT again thereis ay with 2-1<754 such
that f"G) = 0 , thatis, < ✗

"

(g) in> =D
But as sissies→ so

,
n→ N6D

,
and ✗"(g)=k(so)NGo) .

which would imply 13=0 , a contradiction .
2nd Part of the question !
Since ✗(4) , ✗ED, ✗§}) arenot collinear lforsi ,52,5 sufficiently
close b-so) , they determine aplane withnormal vector tephrasign)
b satisfying <b) also) -*G)3--0 , <•¥GD

- Usi) > -0.

Writing gls) = <b , ✗G)- ✗Is,)> N1H

Then g(si) - 0 for 5=1,2,3.fi⇒ istketrudal
" " """"⇔.

case) .

such that

9%-11=91-221--0



That is
,
<b
, NEED> = <b,aEez) > = 0 .

Also, by MVT, there is a } St. 2-1<7
<Zz such that

g"tp=o , that is, <b. a"ly) > = 0 .

Tahj Gross→So, ✗
'

G-i)→T(g).
✗
"

4) →kls.IN/so)8iueeklso) so, this implies
<b.TED> = 0 , <b, Nlso) > = 0 .

That is
.
b → Blso) (after choosing a sign) .

In other words
,
the plane determined by Ksi) ,#NED

converges to the onespanned by T6D, NG) .



5) This problem is straightforward using the Fundamental Theorem
ofames .

let pG) = fans§ , asin£ , bE) , c2=a4bʰ
bea parametrization of a circular helix . Then
we can compute kpG), XpG) .
As in class

, we got :

KID = G-
Els) = ¥ Using B

'

= -7N sign convention .

So for a>0 , b≠ 0, Kp > 0 , 7ps ≠ 0 . areconstants .

So given regular carve aG) with Ka >0,7×1=0 constants,
choosing ax , bon si .
I = Ka s a¥bñ =%ai -1b£

which we can always do since 7×-1-0, Ka> 0,
by uniqueness part of fundamental theorem of curves
we can seethat ✗ is a circular helix with parametrization
as above for chosen ax , b×

.

alternatively, by Problem 2alone since E- =const . . we can say
✗ is acylindrical helix .

Then needb- show that✗ projected onto
T- N plane is a circle Butthis is immediate since we know
K>0 is constant.

v

Second alternatively : explicitly solvethe ODE given by Freenet formulas .


